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Abstract. We present some Nekhoroshev stability results for nearly inte-

grable, generalized Hamiltonian systems which can be odd dimensional and
admit a distinct number of action and angle variables. Using a simultaneous

approximation technique due to Lochak, Nekhoroshev stabilities are shown for

various cases of quasi-convex generalized Hamiltonian systems along with con-
crete estimates on stability exponents. Discussions on KAM metric stability

of generalized Hamiltonian systems are also made.

1. Introduction

In this paper, generalized Hamiltonian systems (or Poisson-Hamilton systems)
are referred to as those defined on a Poisson manifold, in contrast to standard
Hamiltonian systems defining on a symplectic manifold. To be more specific, let
(M,ω2) be a finite dimensional Poisson manifold, that is, a smooth manifold M
endowed with a differential 2-form ω2, or equivalently, a Poisson bracket {·, ·},
which can be uniquely determined by a bundle map I : T ∗M → TM such that
ω2(·, Iω1) = ω1(·), for all 1-form ω1 on M , or equivalently, under a given local
coordinate system z = (zi) on M ,

ω2(Idf1, Idf2) = df2(Idf1) = {f1, f2} = 〈∇f1, I∇f2〉,
for all smooth functions f1 and f2 on M , where I = I(z) = (Iij) is the matrix
representation of I under the given coordinate, called structure matrix, which is
a skew symmetric, smooth, matrix valued function on M satisfying the Jacobi
identity:

(1.1)
∑
m

(Iim
∂Ijk

∂zm
+ Ijm

∂Iki

∂zm
+ Ikm

∂Iij

∂zm
) = 0, z ∈ M, ∀ i, j, k.

Under the given coordinate z on M , the generalized Hamiltonian system with a
given Hamiltonian function H : M → R then has the form

(1.2) ż = I(z)∇H(z).

In the context of Darboux’s theorem, an even dimensional Poisson manifold with
non-degenerate Poisson structure is actually symplectic, that is, there is a local
symplectic coordinate system on M , consisting of conjugate pairs (p, q) = (pi, qi),
under which the 2-form becomes dp∧dq = Σdpi∧dqi with the standard symplectic
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matrix J as its structure matrix, and moreover, (1.2) becomes a standard Hamil-
tonian system . In general, extended Darboux’s theorem holds in the sense that a
Poisson manifold (M,ω2) admits a foliation into Poisson submanifolds of constant
ranks, and, each such Poisson submanifold is further foliated into symplectic sub-
manifolds characterized by common level manifolds of the Casmir functions (see
[46, 47, 49, 51, 58, 69] and a recent review article [48] for details).

Generalized Hamiltonian systems, especially those associated with multiple and
degenerate Poisson structures, arise naturally in problems of celestial mechanics,
fluid dynamics, plasma physics, mean field theory, chemical and biological popu-
lation, optics, etc (see [14, 34, 50, 53, 58, 61] and references therein). Similar to
standard Hamiltonian systems, global instability for generalized Hamiltonian sys-
tems should be generally expected and non-global stability phenomena become an
important subject to study (as an example, one can certainly ‘embed’ the Arnold’s
example [3] of instability into a generalized Hamiltonian system using the extended
Darboux’s theorem).

The aim of the present paper is to study the stability of motions for a nearly
integrable, real analytic, generalized Hamiltonian system in “action-angle” vari-
ables. Here, the complete integrability of a Hamiltonian N on a d-dimensional
Poisson manifold (M,ω2) is defined in the extended Liouville’s sense, that is, M
is locally diffeomorphic to G × Tn, where G ⊂ Rl is a bounded, connected, and
closed region, l + n = d, and, there is a local coordinate system (y, x) ∈ G × Tn,
referred as the action-angle variables, with respect to which the components of
y = (y1, y2, · · · , yl)> ∈ G are first integrals in involution and the structure matrix
is independent of x. Hence, if N is completely integrable in the above sense, then
in term of the action-angle variables, it is independent of the angle variables, and
moreover, the structure matrix I(y) must have the form

(1.3)
(

O B
−B> C

)
where O = Ol,l is the zero matrix, B = B(y) = Bl,n, C = C(y) = Cn,n with
C> = −C. Hence, the associated integrable generalized Hamiltonian system (flow)
reads

(1.4)
(

ẏ
ẋ

)
= I(y)∇N(y),

or equivalently, {
ẏ = 0,
ẋ = ω(y),

where

ω(y) = −B>(y)
∂N

∂y
(y).

Consequently, the phase space G × Tn is foliated into invariant unperturbed n-
tori {Ty = {y} × Tn : y ∈ G} carrying parallel flows. The notion of integrability
above is slightly stronger than the integrability in broad sense defined in [14]. Let
N be a Hamiltonian on a Poisson manifold (Md, ω2) which is integrable in the
broad sense of [14], that is, a) there are l functionally independent first integrals
fi, i = 1, · · · , l; b) there is a set of n = d − l Hamiltonian symmetry functions sj ,
j = 1, · · · , n, {sj , sj′} =constants, {sj , fi} = 0, for all i = 1, · · · , l, j, j′ = 1, · · · , n,
whose Hamiltonian vector fields are linearly independent on generic points of Md.
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With the notion of [14], the set of {sj} corresponds to an abelian Lie algebra of
Hamiltonian symmetries which preserves the set of first integrals {fi}. Now, using
the standard proof of the classical Liouville-Arnold theorem (e.g., [4]), it is clear
that if the level sets Mc = {fi = ci, i = 1, · · · , l}, for c = (c1, c2, · · · , cl) lying in
a bounded closed region G ⊂ Rl, are compact connected, then they must be n
dimensional tori carrying parallel flows with respect to a global coordinate x ∈ Tn.
Hence by letting y = c ∈ Rl both the Hamiltonian N and the structure matrix I
under the action-angle coordinate (y, x) ∈ G×Tn are independent of x. Now, if we
further assume that the first integrals {fi} are in involution (which is not required in
[14]) then the two sets {fi}, {sj} can well be overlapped and the structure matrix
I(y) has the form (1.9), hence the Hamiltonian N is integrable in the extended
Liouville sense defined above. We refer the readers to [13, 14, 22, 36] for more
discussions on action-angle variables in Hamiltonian systems.

In this paper, we restrict our attention to a flat Poisson manifold (G × Tn, ω2)
and consider a completely integrable Hamiltonian N(y) with respect to a set of
action-angle variables (y, x) ∈ G×Tn, where G ⊂ Rl is a bounded, connected, and
closed region, l, n are positive integers. Let I(y) be the structure matrix associated
with ω2 under the action-angle variables. Adding a perturbation P (y, x) to N(y),
one is led to the following nearly integrable generalized Hamiltonian

(1.5) H(y, x) = N(y) + εP (y, x),

whose corresponding nearly integrable generalized Hamiltonian system reads

(1.6)
(

ẏ
ẋ

)
= I(y)∇(N(y) + εP (y, x)),

where ε > 0 is a small parameter. Throughout of the paper, we assume that
I(y), N(y), P (y, x) are real analytic in a complex neighborhood G × Tn + δ of
G× Tn for a fixed δ > 0.

Clearly, when n = l and I ≡ J - the standard symplectic matrix, (G × Tn, ω2)
becomes the usual symplectic manifold and (1.6) becomes a standard nearly inte-
grable Hamiltonian system:

(1.7)
(

ẏ
ẋ

)
= J∇(N(y) + εP (y, x)).

In general, if l > n or n + l is odd, then the structure matrix I becomes singular
on G, or the associated 2-form ω2 becomes degenerate (hence not symplectic in the
usual sense).

It is well known that a nearly integrable Hamiltonian system of form (1.7) with
higher degree of freedom (that is, n > 2) can be globally unstable in the sense that
in an arbitrary open subset E of G there is a phase orbit (y(t), x(t)) with y(0) ∈ E
such that |y(T )−y(0)| = O(1) at some time T . In fact, as observed by Arnold in [3],
in the resonance zone of a nearly integrable Hamiltonian system of higher degree of
freedom, the slow variables of the motion can be drifted arbitrarily far away from
their initial positions and randomly wander between invariant tori, resulting in a
rather complicated slow diffusion process known as the Arnold Diffusion (see also
[12, 24, 25, 43]). Nevertheless, a nearly integrable Hamiltonian system can enjoy
two type of non-global stabilities: the KAM metric stability (or almost everywhere
perpetual stability) and the Nekhoroshev stability (or exponential stability). On one
hand, the classical KAM theory due to Kolmogorov ([37]), Arnold ([2]), and Moser
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([54]) asserts under certain non-degenerate conditions on N that the Hamiltonian
(1.7) is metrically stable in the sense that there is a family of Cantor-like sets Gε ⊂
G with |G\Gε| → 0 as ε → 0 such that supt∈R |y(t)−y(0)| → 0 as ε → 0 uniformly
for y(0) ∈ Gε. On the other hand, the celebrated work of Nekhoroshev ([56]) says
that if N is a “steep” function then (1.7) is effectively stable over exponentially
long time, that is, there are positive constants a, b, c, depending on n, G,N, P and
the steepness indices, with a, b → 0 as n →∞, such that for all y(0) ∈ G,

|y(t)− y(0)| ≤ cεb as |t| ≤ exp(cε−a).

Hence, in a Nekhoroshev stable system the slow variables after perturbation evolute
like those in the unperturbed system over exponentially long time beyond the time
scale in the classical perturbation theory. Originated from the study of stability for
Solar system, the theory of Nekhoroshev stability has led to deep understandings of
physical insight to Hamiltonian systems or Hamiltonian networks arising in classical
and celestial mechanics, bio-science, and physics. We refer the readers to [5, 6, 7,
10, 11, 16, 26, 27] and references therein for recent progress in the subject.

In connection with the study of Arnold diffusions in generic Hamiltonian sys-
tems of higher degree of freedom, the estimate of stability radius and time (or
equivalently, the stability exponents a, b) become evidently important. In particu-
lar, the estimate of stability time provides an upper bound for the diffusion time at
which possible Arnold diffusion would take place, and, the estimate of the exponent
a characterizes the diffusion rate (speed of possible Arnold diffusion) at which a
stochastic orbit travels in the resonance zone (see [18] for more discussions). The
estimate in the steepest case was originally considered by Benettin, Gallavotti, Gal-
gani and Giorgilli in [8, 9] for (1.7) in which the unperturbed Hamiltonian N(y)
is strictly convex in a bounded closed region; and, the estimate a ≈ 1/(n2 + n)
was obtained. This estimate was improved by Lochak ([41, 42]) to a ≈ 1/(2n + 2)
by introducing a novel technique involving the simultaneous approximation and
the Dirichlet’s approximation theorem, and later further improved by Lochak and
Neishtadt ([44]), Pöschel ([64]) independently to

(1.8) a = b =
1
2n

.

In fact, (1.8) was shown to be true in [44, 64] for the quasi-convex case, that is,
the unperturbed Hamiltonian N(y) in (1.7) is strictly convex on any energy surface
within a bounded closed region of G. Certain heuristic arguments and numerical
estimates of the Arnold diffusion rates seem to suggest that the estimate (1.8) is
optimal ([44]) in the convex and quasi-convex cases. A rather general estimate of
the stability exponents is made in a recent work of Niederman ([57]) who considered
standard, steep, nearly integrable Hamiltonian systems of form (1.7) and obtained a
concrete estimate a = b = 1/(2np1 · · · pn), where {p1, · · · , pn} are steepness indices
of N(y) in (1.7).

With respect to the generalized Hamiltonian system (1.6), KAM theory has been
developed for (1.6) in [17, 31, 32, 40, 55, 60], under various non-degenerate condi-
tions, which asserts the persistence of the majority of the unperturbed n-tori hence
the KAM metric stability of (1.5) as ε small. Even with respect to the standard
symplectic case, such KAM theory has its own rights because it actually gives a
way to show the persistence of higher dimensional tori in standard Hamiltonian
systems.
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Indeed, some of degenerate generalized Hamiltonian systems are absolutely not
generated by extending classical Hamiltonian systems. This can be illustrated by
(1.6) with y ∈ R1, x ∈ T 3 and

(1.9) I(y) =


0 α β γ
−α 0 0 0
−β 0 0 0
−γ 0 0 0

 ,

where constants α, β, γ are rationally independent.
Based on the simultaneous approximation technique developed in in [41, 42, 44],

we will show in this work under certain quasi-convexity of the unperturbed Hamil-
tonian and certain non-degeneracy of the frequency map that (1.6) is also Nekhoro-
shev stable and an estimate similar to (1.8) holds. Such a result is already significant
even for the perturbation of a standard integrable Hamiltonian, simply because it
allows non-standard Hamiltonian perturbations as long as they preserve a Poisson
structure that is invariant to the unperturbed standard integrable Hamiltonian sys-
tem ([13, 21, 59]). In general, it would be interesting and also important to be able
to characterize steepness indices for generalized Hamiltonians and obtain estimate
of stability exponents similar to that [57].

We note that Dirichlet’s theorem (Lemma 2.1 in section 2 below) plays a key
role in applying the simultaneous approximation technique but it does not holds on
general manifolds even those characterized by the Casmir functions of a generalized
Hamiltonian system.

Effective stabilities in the generalized setting present some unique features, be-
cause not only do they depend on the steepness such as convexity and quasi-
convexity of a unperturbed Hamiltonian, but also on the nature of its associated
structure matrix, and further on certain non-degeneracy of the resulting frequency
map, which, unlike the standard Hamiltonian case, is not a direct consequence of
the non-degeneracy of the unperturbed Hamiltonian. Indeed, arbitrary high degen-
eracy of the frequency map caused by the degeneracy of the corresponding Poisson
structure in a quasi-convex, nearly integrable, generalized Hamiltonian system is an-
other obstacle to its Nekhoroshev stability, as demonstrated by a non-autonomous
example in Section 2.

Also differing from the standard Hamiltonian case, a quasi-convex, Nekhoroshev
stable generalized Hamiltonian system can be non-KAM stable (see Section 3). We
conjecture that the converse is also true, that is, one can also have a KAM stable
generalized Hamiltonian system which is not Nekhoroshev stable. In fact, in the
case l 6= n, the two stabilities seems to lie in different domains in general. Taking
the case l < n for example, the KAM stability of a generalized Hamiltonian system
requires the non-resonancy of all components of the frequency map which is usually
ensured by non-constancy of the matrix B, while the Nekhoroshev stability requires
the resonancy of any l + 1 frequency components which typically occurs when the
matrix B is constant with integer entries. We will discuss these issues in the paper
along with some reviews on the KAM stability of generalized Hamiltonian systems.

The paper is organized as follows. Section 2 deals with the Nekhoroshev stabil-
ities of (1.6) for the case that the unperturbed Hamiltonian is quasi-convex, while
the frequency map can be either non-degenerate or degenerate. Our arguments
are based on the Dirichlet theorem, the simultaneous approximation lemma, and
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a reduction lemma near the resonance. In Section 3, we review a KAM metric
stability result from [40] and also present an iso-energetic KAM stability result for
nearly integrable generalized Hamiltonian systems. Using these results, general-
ized Hamiltonians with either l = 1 or n = 1 are shown to be perpetually stable.
Perpetual stability is also discussed for the case l = 2 for iso-energetic KAM sta-
ble systems. As an application of both KAM and Nekhoroshev stability results,
we consider the perturbation problems of three dimensional divergence free vector
fields arising naturally as the Euler fluid particle path flows in which perturbations
need not preserve the volume preserving symmetry. Finally, we give some discus-
sions on the compatibility of the two stability types for quasi-convex generalized
Hamiltonian systems.

2. Effective stability

We say that (1.6) is Nekhoroshev stable if it is effectively stable over exponential
long time, that is, there are positive constants c0, a, b independent of ε, where a, b
are referred to as stability exponents, such that as ε > 0 sufficiently small every
solutions (y(t), x(t)) of (1.6) with y(0) ∈ G satisfy the estimate

|y(t)− y(0)| ≤ c0ε
b,

as |t| ≤ exp (c0ε
−a) ,

Similar to the standard Hamiltonian case ([44, 64]), we assume that the unper-
turbed Hamiltonian N in (1.6) is quasi-convex in the sense that

QC) there is a ρ = ρ(δ,G, N) > 0 such that

|ω(y)| ≥ ρ, |〈ξ, ∂2N

∂y2
(y)ξ〉| > ρ|ξ|2,

for all y ∈ Re(G + δ) and all ξ ∈ Rl with 〈∂N/∂y(y), ξ〉 = 0.

Due to the general nature of the generalized Hamiltonian systems in particular
the fact that non-degeneracy of the frequency maps needs not follow from that of
the Hamiltonian functions, we assume that the unperturbed frequency map in (1.6)
is quasi-convex reducible in the sense that

QR) ω(y) = B̃ω̃(y), where B̃ is an n× l constant matrix, ω̃ : G+ δ → Rl is such
that there are ρ′ = ρ′(δ,G, N) > 0 and r′ = r′(δ,G, N) > 0 for which

|ω̃(y)− ω̃(y0)| > ρ′|y − y0|,
whenever y, y0 ∈ Re(G+ δ), 0 < |y−y0| ≤ r′, and 〈∂N/∂y(y0), y−y0〉 = 0.

We say that a matrix is essentially integral if it is a constant multiple of a matrix
with integer entries.

Our main results states as follows.

Theorem 1. Assume QC), QR) and that B is a constant matrix. Then the
following holds.

1) If B̃ is essentially integral, then (1.6) is Nekhoroshev stable with the stability
exponents

a = b =
1
2l

.

2) If rankB̃ = n, then (1.6) is Nekhoroshev stable with the stability exponents

a = b =
1
2n

.
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In the case that B is a constant matrix, we let B̃ = −B> and ω̃(y) = ∂N/∂y(y).
Then an immediate consequence of Theorem 1 is the following.

Corollary 1. Assume QC) and that B is a constant matrix.
1) If B is essentially integral, then (1.6) is Nekhoroshev stable with stability

exponents

a = b =
1
2l

.

2) If rankB = n, then (1.6) is Nekhoroshev stable with stability exponents

a = b =
1
2n

.

In the case of standard Hamiltonian systems, l = n and −B =identity, hence
results in both parts of the above corollary coincide with those of [44, 64] for
standard Hamiltonian systems with quasi-convex unperturbed Hamiltonians.

We note that both parts 1) of the above theorem and corollary have no restriction
on l and n but do require either B̃ or B to be essentially integral. Such an essentially
integral condition, which we believe to be necessary in general, indicates a kind of
sensitivity of Nekhoroshev stability of a near integrable Hamiltonian on its Poisson
structure - a phenomenon may only be seen in non-standard Hamiltonian systems.

The conditions in parts 2) of the above theorem and corollary automatically
imply that l ≥ n. In fact, the constancy of B can be relaxed in those cases.

Corollary 2 (l ≥ n). Assume QC) and that rankB ≡ n on G. Then (1.6) is
Nekhoroshev stable with stability exponents

a = b =
1
2n

.

Proof. Let B(y) have constant rank n0 over G. Then an argument similar to the
extended Darboux theorem ([58, 69]) yields that near any (y0, x0) ∈ G× Tn there
are local coordinates on G × Tn, again denote by (y, x) = (y1, · · · , yl, x1, · · · , xn),
such that {yi, yj} = {yi, xk} = {xk, xk′} = 0, {yk, xk} = 1, for all i, j = 1, · · · , l,
k, k′ = 1, · · · , n0, and i 6= k. Furthermore, the commutativity and periodicity of the
Hamiltonian flows associated with {yk}n0

k=1 allow us to extend the local coordinates
(x1, · · · , xn0) globally on Tn0 so that the above in involution properties remain
unchanged (see [22, 45]). Thus, if n0 = n (hence l ≥ n is necessary) then near each
y0 ∈ G there are local coordinates y ∈ G and global coordinates x ∈ Tn under
which the matrix B becomes (In, 0)>, where In is the n× n identity matrix. Since
the quasi-convexity of N is independent of coordinates, the corollary immediately
follows from Corollary 1 2). �

We now discuss some consequences of Theorem 1 in the case l < n. We observe
that if QR) holds, then the frequency map ω(y) is always degenerate (not one to
one) when l > n but can well be non-degenerate when l ≤ n. Also, the condition for
B̃ being essentially integral implies that any n∗+1, where n∗ = rankB̃, components
of the frequency map ω(y), as functions on G+ δ, are rationally dependent, leading
to the everywhere resonancy of the frequency map. We thus require the frequency
map to be non-degenerate but resonant in the sense that
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RD) any l+1 components of the frequency map ω(y), as functions on G+ δ, are
rationally dependent;

ND) there are l rationally independent components {ωi1(y), · · · , ωil
(y)} of ω(y)

such that ω̃(y) = (ωi1(y), · · · , ωil
(y))> is non-degenerate in the sense of

QR).
In the case that B is a constant matrix, we have the following.

Corollary 3 (l < n). Assume QC), RD), ND) and that B is a constant matrix.
Then (1.6) is Nekhoroshev stable with stability exponents

a = b =
1
2l

.

Proof. Let ω̃(y) be as in ND). Then it is clear that ω(y) = B̃ω̃(y) for some constant,
essentially integral matrix B̃. Hence the corollary follows from Theorem 1 1). �

We can also assume the following non-degeneracy:
ND’) there is a ρ′ = ρ′(δ,G, N) > 0 such that

|ω(y)− ω(y0)| > ρ′|y − y0|,
for any y, y0 ∈ Re(G + δ), y 6= y0.

Corollary 4 (l < n). Assume QC), RD), ND’) and that B is a constant matrix.
Then (1.6) is Nekhoroshev stable with the stability exponents

a = b =
1
2l

.

Proof. The resonant condition RD) is equivalent to that there is a rank n − l
subgroup g of Zn such that

〈k, ω(y)〉 = 0, ∀ k ∈ g.

It follows that there is an n× n unimodular matrix

K0 = (K1,K2),

with integer entries, where K1 is n× l and K2 is n× (n− l), such that K>
2 ω(y) = 0.

Let ω̃(y) = K>
1 ω(y), B̃ be the left n×l block of (K>

0 )−1. Then B̃ has integer entries
and ω(y) = B̃ω̃(y). Thus if ND’) holds, then ω̃(y) satisfies QR). The corollary again
follows from Theorem 1 1). �

The non-degenerate conditions QC), ND) and ND’) of the frequency map are
less restrictive than those needed for KAM stabilities of generalized Hamiltonian
systems. Hence a perturbed generalized Hamiltonian system can be both KAM
and Nekhoroshev stable even when l 6= n. In particular, when l < n this leads
to the persistence of higher dimensional tori (even on symplectic manifolds) with
fewer parameters. However, in the case l < n, with the additional condition QR)
or RD), a generic nearly integrable generalized Hamiltonian system is Nekhoroshev
stable but not KAM stable, due to the everywhere resonancy of the frequency map.
This demonstrates a kind of non-compatibility of the two type of stabilities in the
generalized Hamiltonian setting especially when l < n. We refer the readers to
Section 4 for more discussions in this regard.

In all results above, the stability constants c0 depend on I,N, P, l, n,G, δ, ρ, ρ′, r′.
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2.1. An example. We give an example to illustrate the fact that if B is a non-
constant matrix and QR) fails then high degeneracy of the frequency map can
yield the the global instability of the corresponding nearly integrable Hamiltonian
system.

Consider a non-autonomous Hamiltonian of form

H(y, x) = N(y) + εP (y, x, ω̂t),(2.1) (
ẏ
ẋ

)
= I(y)∇(N(y) + εP (y, x, ω̂t)),(2.2)

where (y, x) ∈ Rl×Tn, ε is sufficiently small, N,P are real analytic on Rl×Tn×Tn′ ,
and ω̂ ∈ Rn′ is a fixed n′ dimensional non-zero frequency for some positive integer
n′.

To construct the example, we let l = 1, n = 2,

B(y) = (
α

y
,
β

y
),

for some constants α 6= β, C = 0, N(y) = (1/2)(y2), and P = sin 2π(x1 −
x2) cos 2π(α − β)t. The matrix I defined through B,C above in the form (1.9)
is easily seen to satisfy the Jacobi identity hence defines a structure matrix. We
also let the domain G be an interval away from 0.

Now, the frequency map ω(y) ≡ −(α, β)> is everywhere degenerate hence the
condition QR) fails. By integrating the respective motions of the Hamiltonian, one
finds that whenever x1(0) = x2(0), then y2(t)− y2(0) = 2π(α− β)εt + ε sin 2π(α−
β)tcos 2π(α− β)t. Hence the Hamiltonian system is non-Nekhoroshev.

We also note that no invariant tori of any dimension can exist in this example
when ε 6= 0. Hence the Hamiltonian system is not KAM metric stable either.

2.2. Proof of Theorem 1. The rest of the section is devoted to the proof of
Theorem 1, following the framework and techniques developed in [44]. As to be
shown in Section 3 that all nearly integrable generalized Hamiltonian systems with
either l = 1 or n = 1 will be perpetually stable, we assume without loss of generality
that l > 1, n > 1 for the rest of this section.

We first prepare some technical lemmas to be needed in the proof.
For α ∈ Rk, we denote

〈α〉 ≡ inf
ξ∈Zk

|α− ξ|∞ = inf
ξ∈Zk

{ max
i=1,··· ,k

|αi − ξi|}.

Lemma 2.1. (Dirichlet’s theorem) Let ω ∈ Rk and let Q > 1 be a real number.
Then there is an integer q with 1 ≤ q < Q such that

〈qω〉 ≤ Q− 1
k .

Proof. See [68]. �

In the sequel, all c1−c5 are positive constants depending only on I,N, P, l, n,G, δ,
ρ, ρ′, r′. We also use c to denote any intermediate constant which only depends on
the above.

Define
Qk = ε−

k−1
2k , k > 1.
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Lemma 2.2.

a) Assume the conditions of Theorem 1 1). Then there are constants c1 > 0,
c2 ≥ 1 such that for any given y0 ∈ G there exist a T with c−1

1 ≤ T < c1Ql,
an ω∗ ∈ Rn with ω∗T ∈ Zn, and a y∗ ∈ Re(G + δ), satisfying

|y0 − y∗| <
c2

T (Ql)
1

l−1
,

ω∗ = ω(y∗).

b) Assume the conditions of Theorem 1 2). Then there are constants c1 > 0,
c2 ≥ 1 such that for any given y0 ∈ G, there exist a T with c−1

1 ≤ T < c1Qn,
an ω∗ ∈ Rn with ω∗T ∈ Zn, and a y∗ ∈ Re(G + δ), satisfying

|y0 − y∗| <
c2

T (Qn)
1

n−1
,

ω∗ = ω(y∗).

Proof. To prove a), we assume without loss of generality that B̃ consists of in-
teger entries. Let c1 = max{(min1≤i≤l |ω̃i|G)−1,max1≤i≤l |ω̃i|G}, where ω̃i(y),
i = 1, 2, · · · , l, are components of ω̃(y). For given y0 ∈ G, we denote

ω̃0 = ω̃(y0) = (ω01, ω02, · · · , ω0l)>.

Since ω̃0 6= 0, we assume without loss of generality that 0 < ω01 = max1≤i≤l{|ω0i|}.
Then an application of the Dirichlet theorem to ω̂0 = (1/ω01)(ω02, · · · , ω0l) yields
that there is an ω̂∗ ∈ Rl and an integer 1 ≤ q < Ql such that

|ω̂∗ − ω̂0| ≤
c
√

l − 1

q(Ql)
1

l−1
,

for some constant c. Let T = q/ω01, ω̃∗ = ω01(1, ω̂∗)>. Then c−1
1 ≤ T ≤ c1Ql,

ω̃∗T ∈ Zl, and,

|ω̃∗ − ω̃0| ≤
c
√

l − 1

T (Ql)
1

l−1
,

for some constant c. By QR), ω̃ is an open mapping on the cone V = {y :
|〈∂N/∂y(y0), y − y0〉| < η′|y − y0| < η′r′}. Hence as ε sufficiently small, there
is a y∗ ∈ V such that ω̃∗ = ω̃(y∗). It also follows from QR) that

ρ′|y∗ − y0| ≤ |ω̃∗ − ω̃0| ≤
c
√

l − 1

T (Ql)
1

l−1
.

Let ω∗ = B̃ω̃∗. Then ω(y∗) = B̃ω̃(y∗) = ω∗ and Tω∗ ∈ Zn.
In the case of b), a similar application of the Dirichlet theorem as above yields

the existence of a c1 > 0, an ω∗ ∈ Rn, a T with c−1
1 ≤ T < c1Qn, such that

ω∗T ∈ Zn, and,

(2.3) |ω∗ − ω(y0)| ≤
c
√

n− 1

T (Qn)
1

n−1
,

for some constant c. Note that B̃ is right invertible in this case. Hence

ω̃(y0) = B̃−1ω(y0) + v0,
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for some v0 ∈ ker B̃, where B̃−1 denotes the right inverse of B̃. By QR) and the
argument in the proof of a), there is a cone V near y0, and a y∗ ∈ V , such that

ω̃(y∗) = B̃−1ω∗ + v0.

Then
ω(y∗) = B̃ω̃(y∗) = ω∗,

and it also follows from QR) that

|y∗ − y0| ≤
1
ρ′
|ω̃(y∗)− ω̃(y0)| ≤

1
ρ′
|B̃−1||ω∗ − ω(y0)| ≤

c
√

n− 1

T (Qn)
1

n−1
.

�

Lemma 2.3. Assume QC) and let y0, y∗ be such that |y0−y∗| < µ for a sufficiently
small µ > 0. Then there is a constant c3 ≥ 1 such that the set of the intersection

of the plane 〈∂N

∂y
(y∗), y − y0〉 = 0 and the surface {N(y) = N(y0)} is contained in

a ball of radius c3µ centered at y∗.

Proof. Let y lie in the intersection of the plane 〈∂N/∂y(y∗), y − y0〉 = 0 and the
surface {N(y) = N(y0)}. By Taylor’s formula, we have that

N(y) = N(y0) + 〈y − y0,
∂N

∂y
(y0)〉+

1
2
〈y − y0,

∂2N

∂y2
(y1)(y − y0)〉,

where y1 = (1− s)y + sy0 for some 0 < s < 1. Hence

1
2
〈y − y0,

∂2N

∂y2
(y1)(y − y0)〉 = −〈∂N

∂y
(y0), y − y0〉 = 〈∂N

∂y
(y∗)−

∂N

∂y
(y0), y − y0〉

= 〈∂
2N

∂y2
(y2)(y∗ − y0), y − y0〉,(2.4)

for some y2 = (1 − t)y0 + ty∗. Since |y − y0| is small as long as µ is, we have by
letting µ sufficiently small that

|〈∂N

∂y
(y1), y − y0〉| = |〈∂N

∂y
(y1)−

∂N

∂y
(y∗), y − y0〉|.

It follows from (2.4) and QC) that

1
2
ρ|y − y0|2 ≤ M |y − y0||y0 − y∗|,

where

M = |∂
2N

∂y2
|G.

Hence

|y − y0| <
2M

ρ
µ,

and consequently,

|y − y∗| ≤ |y − y0|+ |y∗ − y0| < (
2M

ρ
+ 1)µ.

�
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Let y0, y∗, ω∗, T be as in Lemma 2.2. To unify the notations, we let

Q = ε−
n∗−1
2n∗ , R =

3c2c3

TQ
1

n∗−1
,

ω∗ = ω(y∗) = −B> ∂N

∂y
(y∗),

where

n∗ =
{

l, in the case of Theorem 1 1),
n, in the cases of Theorem 1 2).

With these notations, we have c−1
1 ≤ T < c1Q, ω∗T ∈ Zn, and

|y∗ − y0| < R.

Below, for a given function F : G×Tn → R1, we let F̄ (y, x) be the time average
of F (y, x + ω∗t) over the interval [0, T ], that is,

F̄ (y, x) =
1
T

∫ T

0

F (y, x + ω∗t)dt.

We also denote F̃ as F − F̄ .
By suspending the constant term N(y∗) we can rewrite (1.5) as

(2.5) H = N0(y) + εP̄ (y, x) + εP̃ (y, x),

where

N0(y) = N(y)−N(y∗) = 〈∂N

∂y
(y∗), y − y∗〉+ h(y − y∗),

h(y − y∗) = O(|y − y∗|2).

The following lemma makes use of the arguments in [44] and the iterative method
introduced in [40] for generalized Hamiltonian systems.

Lemma 2.4. Let

D = {(y, x)) ∈ G× Tn + δ : |y − y∗| <
R

3
, |Imx| < δ

3
},

D∗ = {(Y, X) ∈ G× Tn + δ : |Y − y∗| <
R

2
, |ImX| < δ

2
}.

Then under the conditions of Lemma 2.2 there exists a real analytic, canonical,
near identity change of variables Ψ : D → D∗ : (y, x) 7→ (Y, X) which transforms
(2.5) into the form

H∗ = 〈∂N

∂y
(y∗), Y − y∗〉+ h(Y − y∗) + εP̄∗(Y,X) + εP̃∗(Y,X), (Y, X) ∈ D∗,

where

|ε∂P̃∗
∂X

|D∗ < exp(−c4ε
− 1

2n∗ ),

|εP∗|D∗ ≤ c4εT,

|ε∂P∗
∂Y

|D∗ < c4R, |ε∂P∗
∂X

|D∗ < c4R
2,
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for some constant c4 > 0. Moreover, there is a constant c5 > 0 such that for any
(y, x) ∈ D, (Y, X) = Ψ(y, x),

|Y − y| < c5εT,

|X − x| < c5
ε

R
.

Proof. We assume without loss of generality that δ < 1. Let ε be sufficiently small.
Then R � 1 and

(2.6) ε ≤ R2.

Define

M = max{1, |∂ıI|G+δ, |∂ıω|G+δ, 2|∂P |G×T n+δ : |ı|, || ≤ 1},

M∗ =
600M3

δ
,

K =
1

[M∗TR]
,

γ =
R

10K
,

σ =
δ

10K
,

Dj = Dj ×Oj ,

D′
j = D′j ×O′

j ,

Dj = {y ∈ G + δ : |y − y∗| <
4
5
R− jγ},

D′j = {y ∈ G + δ : |y − y∗| <
4
5
R− (j +

1
2
)γ},

Oj = {x ∈ Tn + δ : |Imx| < 4
5
δ − jσ},

O′
j = {x ∈ Tn + δ : |Imx| < 4

5
δ − (j +

1
2
)σ},

ζj = 5M3εTR

(
1
2

)j

,

for j = 0, 1, · · · ,K − 1.
The proof amounts to the construction of K canonical transformations Φi, i =

0, 1, · · · ,K−1, which successively transform the Hamiltonian (2.5) into the desired
form. We first show such a construction for a typical step. Suppose at some ith
step, where i = 0, 1, · · · ,K − 1, the Hamiltonian has the form

(2.7) Hi = N0(y)+εPi(y, x) = 〈∂N

∂y
(y∗), y−y∗〉+h(y−y∗)+εP̄i(y, x)+εP̃i(y, x).

To unify the notation, we let H0 = H,P0 = P .
Let

(2.8) Si(y, x) =
1
T

∫ T

0

tP̃i(y, x + ω∗t)dt.
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Since ω∗T ∈ Zn, Pi(y, x+ ω∗t) is T -periodic in t and Si is easily seen to satisfy the
homological equation

(2.9) 〈ω∗,
∂Si

∂x
〉 − P̃i = 0.

Let φt
i(y, x) be the flow generated by the vector field εI(y)∇Si(y, x), that is,

(2.10) φt
i(y, x) =

(
y

x

)
+ ε

∫ t

0

(I∇Si) ◦ φs
i (y, x)ds.

Then the transformation(
y

x

)
= Φi(Y, X) =: φ1

i (Y, X) =
(

Y

X

)
+ ε

∫ 1

0

(I∇Si) ◦ φt
i(Y, X)dt

is canonical in the sense that

∇Φi(Y, X)>I(Y )∇Φi(Y,X) = I(y),

hence it preserves the Poisson structure defined by I. Let

Pi+1(Y,X) = P̄i(y, x) +
∫ 1

0

(P̃i ◦ φ1
i (Y, X)− P̃i ◦ φt

i(Y, X))dt

+
∫ 1

0

〈ω(y∗)− ω(y),
∂Si

∂x
〉 ◦ φt

i(Y, X)dt.(2.11)

It follows from (2.7), (2.9) that

Hi+1(Y,X) =: Hi ◦ Φi(Y, X) = N0(Y ) + ε

∫ 1

0

{N0, Si} ◦ φt
i(Y,X)dt

+εPi ◦ Φi(Y,X) = N0(Y )− ε

∫ 1

0

〈ω(y),
∂Si

∂x
〉 ◦ φt

i(Y, X)dt + εP̄i ◦ Φi(y, x)

+εP̃i ◦ Φi(Y,X) = N0(Y )− ε

∫ 1

0

(〈ω∗,
∂Si

∂x
〉 − P̃i) ◦ φt

i(Y, X)dt + εPi+1(Y,X)

= N0(Y ) + εPi+1(Y, X).

Let

(2.12) Pi+1(Y,X) = Pi+1(Y, X)− P̄i(Y,X).

Then it is clear that

(2.13) P̃i+1 = P̃i+1.

We now show by induction that

Φi : D′
i → Di,(2.14)

|εP̃i+1|D′
i
≤ 2|εPi+1|D′

i
< ζi,(2.15)

|ε∂Pi+1

∂Y
|Di+1 < 2MR, |ε∂Pi+1

∂X
|Di+1 < 2MR2,(2.16)

for all i = 0, 1, · · · ,K − 1.
Starting from i = 0, we have by (2.8) that

(2.17) |ε∂S0|G×T n+δ ≤ T |ε∂P0|G×T n+δ ≤
εMT

2
,

for all  = (1, 2) ∈ Zl
+ × Zn

+, || = |1|+ |2| ≤ 1.
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Let (Y, X) ∈ D′
0, t∗ = sup{t ∈ [0, 1] : Φ0(Y,X) ∈ D0}. Then it follows from

(2.6), (2.10), (2.17) that, as 0 ≤ t ≤ t∗, (y, x) = Φ0(Y,X) satisfies∣∣|y − y∗| − |Y − y∗|
∣∣ ≤ |y − Y | ≤ |B>|D0 |ε

∂S0

∂x
|D0 ≤

εM2T

2
≤ (10M2TRK)

ε

R2

γ

2
< (M∗TRK)

γ

2
≤ γ

2
,(2.18) ∣∣|Imx| − |ImX|

∣∣ ≤ |x−X| ≤ |B|D0 |ε
∂S0

∂x
|D0 + |C|D0 |ε

∂S0

∂y
|D0 ≤ εM2T

≤ 20M2TRK

δ

ε

R

σ

2
< (M∗TRK)

σ

2
≤ σ

2
.(2.19)

It follows that t∗ = 1 and

(2.20) φt
0 : D′

0 → D0, 0 ≤ t ≤ 1.

In particular, (2.14) holds for i = 0.
Denote φt

i1, φ
t
i2 as the components of φt

i with respect to G+δ, Tn+δ respectively,
for all i = 0, 1, · · · ,K. By (2.11)-(2.13), (2.17), (2.20), we have that

|εP̃1|D′
0

= |εP̃1|D′
0
≤ 2|εP1|D′

0
≤ 2ε|∂P̄0

∂y
|D0 |y − Y |D′

0
+ 2ε|∂P̄0

∂x
|D0 |x−X|D′

0

+ 2ε|∂P̃0

∂y
|D0 sup

0≤t≤1
|φ1

01(Y, X)− φt
01(Y,X)|D′

0

+ 2ε|∂P̃0

∂x
|D0 sup

0≤t≤1
|φ1

02(Y, X)− φt
02(Y,X)|D′

0

+ 2|∂ω

∂y
|D′

0
|y − y∗|D0 |ε

∂S0

∂x
|D′

0

≤ 6ε|∂P0

∂y
|D0 sup

0≤t≤1
|Y − φt

01(Y, X)|D′
0
+ 6ε|∂P0

∂x
|D0 sup

0≤t≤1
|X − φt

02(Y, X)|D′
0

+ 2(|∂ω

∂y
|D′

0
|y − y∗|D0) ≤ (6εM)(

εM2T

2
)

+ (6εM)(εM2T ) + (4εMR)(
MT

2
) = (

9ε

R
+ 4)εM3RT < 5εM3RT = ζ0.

Hence (2.15) holds for i = 0. Moreover, we also have

(2.21) |εP1|D′
0
≤ |εP1|D′

0
+ |εP0|D′

0
≤ ζ0 + εM ≤ 6M3εT.

Since by Cauchy estimate,

ε|∂P1

∂Y
|D1 ≤

ζ0

γ
= 100M3RTK

ε

R2

R

2
≤ (M∗RTK)

R

2
≤ R

2
,

ε|∂P1

∂X
|D1 ≤

ζ0

σ
=

100M3RTK

δ

ε

R2

R2

2
≤ (M∗RTK)

R2

2
≤ R2

2
,

we have that

ε|∂P1

∂Y
|D1 ≤ ε(|∂P1

∂Y
|D1 + |∂P0

∂Y
|D1) ≤

R

2
+ εM < MR,(2.22)

ε|∂P1

∂X
|D1 ≤ ε(|∂P1

∂X
|D1 + |∂P0

∂X
|D1) ≤

R2

2
+ εM <

3MR2

2
.(2.23)

Thus, (2.16) also holds for i = 0.
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Now suppose that for some j = 1, 2, · · · ,K − 1, (2.14)-(2.16) hold for all i =
0, 1, · · · , j − 1. Then by (2.8), (2.15),

|εSj |Dj
≤ T

2
|εP̃j |D′

j−1
≤ T

2
ζj−1.

It follows from Cauchy estimate that∣∣∣∣ε∂Sj

∂y

∣∣∣∣
D′

j

≤ T

γ
ζj−1,(2.24) ∣∣∣∣ε∂Sj

∂x

∣∣∣∣
D′

j

≤ T

σ
ζj−1.(2.25)

Using (2.24), (2.25) and arguments similar to that for (2.18), (2.19), we have
that ∣∣|y − y∗| − |Y − y∗|

∣∣ ≤ |y − Y | ≤ |B>|Dj |ε
∂Sj

∂x
|Dj ≤

MTζj−1

σ

≤ 200MTK2

δR
ζ0

γ

2
=

1000M4T 2R2K2

δ

ε

R2

γ

2
< (M∗TRK)2

γ

2
≤ γ

2
,(2.26) ∣∣|Imx| − |ImX|

∣∣ ≤ |x−X| ≤ |B|Dj
|ε∂Sj

∂x
|Dj

+ |C|Dj
|ε∂Sj

∂y
|Dj

≤ MTζj−1(
1
γ

+
1
σ

) ≤ 200MTK2

δ
(
1
R

+
1
δ
)ζ0

σ

2

= (
1000M4T 2R2K2

δ

ε

R2
+

1000M4T 2R2K2

δ2

ε

R
)
σ

2

≤ 2000M4T 2R2K2

δ2
< (M∗TRK)2

σ

2
≤ σ

2
,(2.27)

for all (Y, X) ∈ D′
j , 0 ≤ t ≤ 1, and (y, x) = φt

j(Y,X). In particular, (2.14) holds
for i = j.

By (2.11)-(2.13), (2.24)-(2.27) and the induction hypothesis, we have that

|εP̃j+1|D′
j

= |εP̃j+1|D′
j
≤ 2|εPj+1|D′

j
≤ 2ε|∂P̄j

∂y
|Dj |y − Y |D′

j

+2ε|∂P̄j

∂x
|Dj |x−X|D′

j
+ 2ε|∂P̃j

∂y
|Dj sup

0≤t≤1
|φ1

j1(Y,X)− φt
j1(Y,X)|D′

j

+2ε|∂P̃j

∂x
|Dj

sup
0≤t≤1

|φ1
j2(Y,X)− φt

j2(Y,X)|D′
j
+ 2|∂ω

∂y
|D′

j
|y − y∗|Dj

|ε∂Sj

∂x
|D′

j

≤ 6ε|∂Pj

∂y
|Dj

sup
0≤t≤1

|Y − φt
j1(Y, X)|D′

j

+6ε|∂Pj

∂x
|Dj

sup
0≤t≤1

|X − φt
j2(Y,X)|D′

j
+ 2(|∂ω

∂y
|D′

j
|y − y∗|Dj

≤ 12RMTζj−1

σ
+

12R2MTζj−1

γ
+

4MRTζj−1

σ

≤ 16RMTζj−1

σ
+

12R2MTζj−1

γ
= (

160RMTK

δ
+ 120RM2TK)ζj−1

≤ 560RM2TK

δ
ζj < (M∗RTK)ζj ≤ ζj ,(2.28)
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that is, (2.15) holds for i = j.
Since by the induction hypothesis and (2.28)

|εPi+1 − εPi|D′
i
= |εPi+1 − εP̃i|D′

i
≤ |εPi+1|D′

i
+ ε|P̃i|D′

i
≤ 2ζi−1 = 4ζi,

for all i = 0, 1, · · · , j, we have that

(2.29) |εPj+1 − εP1|D′
j
≤

j∑
i=1

|εPi+1 − εPi|D′
i
≤ 4

j∑
i=1

ζi ≤ 4ζ0.

Hence by (2.22), (2.23) and Cauchy estimate we have that

|ε∂Pj+1

∂Y
|Dj+1 ≤ | ∂

∂Y
(εPj+1(Y, X)− εP1(Y, X))|Dj+1 + |ε∂P1(Y, X)

∂Y
|D1

≤ 8ζ0

γ
+ MR = (400M3RTK)

ε

R2
R + MR ≤ (M∗TKR)MR + MR ≤ 2MR,

|ε∂Pj+1

∂X
|Dj+1 ≤ | ∂

∂X
(εPj+1(Y, X)− εP1(Y, X))|Dj+1 + |ε∂P1(Y,X)

∂X
|Dj+1

≤ 8ζ0

σ
+

3MR2

2
=

400M3RTK

δ

ε

δR2
MR2 +

3MR2

2

≤ (M∗TKR)
MR2

2
+

3MR2

2
≤ 2MR2,

that is, (2.16) also holds for i = j. This proves (2.14)-(2.16) for all i = 0, 1, · · · ,K−
1.

Now let Φ = Φ0 ◦ Φ1 ◦ · · · ◦ ΦK−1, H∗ = HK , P∗ = PK . By (2.16), (2.21) and
(2.29), we first have that

|εP∗|DK
≤ |PK − P1|DK

+ |P1|D1 ≤ 20M3εTR + 6M3εT ≤ 26M3εT,

|ε∂P∗
∂Y

|DK
< 2MR,

|ε∂P∗
∂X

|DK
< 2MR2.

Since

K ≥ 1
M∗c2

Q
1

n∗−1 =
1

M∗c2
ε−

1
2n∗ ,

we have by (2.15) that there is a constant c > 0 such that

|εP̃∗|D′
K−1

≤ ζK−1 = 10M3εTR

(
1
2

)K

≤ (M∗TRK)ε
(

1
2

)K

≤ ε

(
1
2

)K

< exp(−c−1ε−
1

2n∗ ).

Performing Cauchy estimate for εP̃∗ on DK , we also have

|ε∂P̃∗
∂X

|DK
≤ 200M3εTR

δ

(
1
2

)K

≤ (M∗TRK)ε
(

1
2

)K

≤ ε

(
1
2

)K

< exp(−cε−
1

2n∗ ),

for some constant c > 0.
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Let

D∗ = {(Y,X) ∈ G× Tn + δ : |Y − y∗| <
R

2
, |ImX| < δ

2
}.

Then D∗ ⊂ D′
K ⊂ DK . Hence, all above estimates hold on D∗, and, Ψ =: Φ−1 :

Φ(D∗) → D∗ is well defined and transforms H to H∗. Now, for any (Y, X) ∈ D∗,
(y, x) = Ψ−1(Y, X), we have by a successive application of (2.18), (2.19), (2.26),
(2.27) that

|y − Y | ≤ εM2T +
MT

σ

K−1∑
i=1

ζi ≤ εM2T +
MT

σ
5M3εTR

= M2εT +
50M4TKR

δ
εT ≤ M2εT + M(M∗TKR)εT ≤ 2M2εT,

|x−X| ≤ 2εM2T + MT (
1
γ

+
1
σ

)σ
K−1∑
i=1

ζi

≤ 2εM2T + MT (
1
γ

+
1
σ

)5M3εTR

≤ 3εM2T +
MT

δ
5M3εTR

= 3M2εT +
50M4TKR

R
εT ≤ 3M2εT +

M

R
(M∗TKR)εT ≤ 4M2 εT

R
.

The fact D ⊂ Ψ−1(D∗) follows from the above and the fact that εT = o(R).
This completes the proof. �

Proof of Theorem 1. We first consider the autonomous Hamiltonian (1.6). Fix
(y(0), x(0)) ∈ G×Tn. Then there is a y∗ ∈ G+δ satisfying the properties described
in Lemma 2.2. In particular,

(2.30) |y(0)− y∗| <
R

3c3
.

For this y∗, it follows from Lemma 2.4 that there is a canonical, real analytic
defeomorphism Ψ : D → D∗ : (y, x) 7→ (Y, X), where D,D∗ are as in Lemma 2.4,
which transforms (2.5) to

(2.31) H∗ = 〈∂N

∂y
(y∗), Y − y∗〉+ h(Y − y∗) + εP̄∗(Y, X) + εP̃∗(Y, X)

satisfying all properties described in Lemma 2.4. Let (Y (t), X(t)) be the orbit of
motion associated to (2.31) with the initial value (Y (0), X(0)) = Ψ(y(0), x(0)).
Then by Lemma 2.4 and the fact that εT = o(R), we have

|Y (0)− y∗| ≤ |y(0)− y∗|+ |Y (0)− y(0)| < R

3c3
+ o(R) <

R

2c3
.

Note that

〈ω∗,
∂P̄∗
∂X

(Y, X)〉 =
1
T

∫ T

0

dP∗
dt

(Y, X + ω∗t)dt = 0.
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We have

〈∂N

∂y
(y∗), Ẏ 〉 = 〈B> ∂N

∂y
(y∗), ε

∂P∗
∂X

〉 = −〈ω∗, ε
∂P̃∗
∂X

〉

= O(exp(c4ε
− 1

2n∗ )).(2.32)

Define

Tε = exp(
c4

2
ε−

1
2n∗ ),

T 0
ε = sup{0 < |t| < Tε : |Y (t)− y∗| <

R

2
}.

It follows from (2.32) that

(2.33) 〈∂N

∂y
(y∗), Y (t)− Y (0)〉 = o(R),

as |t| ≤ T 0
ε . By Lemma 2.4 and virtue of conservation of energy, we also have

N(Y (t)) = N(Y (0)) + εP∗(Y (0), X(0))− εP∗(Y (t), X(t))
= N(Y (0)) + O(εT ) = N(Y (0)) + o(R),(2.34)

as |t| ≤ T 0
ε . Now, as |t| ≤ T 0

ε , (2.33), (2.34) imply that Y (t) lies in an o(R)

neighborhood of the intersection of the plane 〈∂N

∂y
(y∗), Y − Y (0)〉 = 0 with the

surface N(Y ) = N(Y (0)), which, by Lemma 2.3, is contained in an open ball of
radius c3|Y (0)− y∗| < R/2 centered at y∗. Hence

(2.35) |Y (t)− y∗| <
R

2
,

as |t| ≤ T 0
ε . This shows that T 0

ε = Tε and (2.35) holds for all |t| ≤ Tε.
Let (y(t), x(t)) be the orbit of motion associated to (2.5) with the initial value

(y(0), x(0)). We have by Lemma 2.4, (2.30) and (2.35) that

|y(t)− y(0)| ≤ |y(t)− Y (t)|+ |Y (t)− y∗|+ |y∗ − y(0)| = O(εT ) + O(R)

= O(R) = O(ε
1

2n∗ ),

as |t| ≤ Tε. This completes the proof of Theorem 1.

3. KAM stability

KAM stability, particularly implying metric stability, for nearly integrable gen-
eralized Hamiltonian systems was shown in [40] under a nondegenerate condition of
Rüssmann type - known as the weakest nondegenerate condition for the existence
of KAM tori in general. More precisely, the following was proved in [40].

Theorem 2. Consider (1.6). The following holds as ε sufficiently small.
1) If there is a constant C > 0 such that

R) rank
{

∂iω

∂yi
: i ∈ Zn

+, |i| ≤ C

}
≡ n over G,

then the majority of unperturbed n-tori on G will persist in the sense that there
is a smooth family of analytic, canonical transformations Φε : G × Tn → G × Tn

uniformly close to the identity, and a family of Cantor-like sets Gε ⊂ G with
|G \ Gε| → 0 as ε → 0 such that Φε(Gε × Tn) is a Whitney smooth family of
analytic, Diophantine, invariant n-tori of the perturbed system.
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2) If I is a constant matrix and if the Hessian matrix ∂2N/∂y2 is non-singular on
G, then for any given (γ, τ), with γ > ε

1
8n+12 , τ > n−1, all unperturbed Diophantine

tori whose frequencies ω(y) are of the Diophantine types (γ, τ) will persist and give
rise to analytic, Diophantine, invariant n-tori of the perturbed system with the same
frequencies.

Combining proofs of [19, 40], the following iso-energetic KAM theorem can be
obtained for generalized Hamiltonian systems.

Theorem 3. Consider (1.6). The following holds as ε sufficiently small.
1) Let M = {y ∈ G : N(y) = E} be a fixed energy surface of the unperturbed

Hamiltonian and λ be a local coordinate on M . If there is a constant C > 0 such
that

R1) rank
{

∂αω

∂λα
: |α| ≤ C

}
≡ n over M ,

then the majority of unperturbed n-tori on M will persist in the sense that there is
a smooth family of analytic, canonical transformations Φε,E : M × Tn → M × Tn

uniformly close to the identity, and a family of Cantor-like sets Mε ⊂ M with |M \
Mε| → 0 as ε → 0 such that Φε,E(Mε×Tn) is a Whitney smooth family of analytic,
Diophantine, invariant n-tori of on the perturbed energy surface {H(y, x) = E}.

2) If I is a constant matrix, R) holds, and if

det

(
∂2N
∂y2 (y) ∂N

∂y (y)
∂N
∂y (y)> 0

)
6= 0 on G,

then the conclusion of 1) holds on any energy surface and each perturbed n-torus
preserves the ratio of the components of the corresponding unperturbed frequency.

Theorems 2, 3 can be easily extended to the non-autonomous system (2.2) as
follows.

Theorem 4. Assume ω̂ satisfies the Diophantine condition

|〈k, ω̂〉| > γ′

|k|τ ′
∀k ∈ Zn′ \ {0},

for fixed γ′ > 0, τ ′ > n′ − 1. The following holds as ε sufficiently small.
1) If the condition of Theorem 2 1) holds, then there is a smooth family of

analytic, canonical transformations Φε : G × Tn → G × Tn uniformly close to the
identity, and a family of Cantor-like sets Gε ⊂ G with |G \ Gε| → 0 as ε → 0
such that Φε(Gε × Tn)× Tn′ is a Whitney smooth family of analytic, Diophantine,
invariant n + n′-tori of the perturbed system whose last n′ toral frequency equals ω̂.

2) If the conditions of Theorem 2 2) holds, then for any y ∈ G such that (ω(y), ω̂)
is of the Diophantine types (γ, τ) for fixed γ > ε

1
8(n+n′)+12 , τ > max{τ ′, n + n′− 1},

Φε({y}×Tn)×Tn′ is an analytic, Diophantine, invariant n+n′-tori of the perturbed
system with the same frequencies (ω(y), ω̂).

3) If the condition of Theorem 3 1) holds on the unperturbed energy surface M
with energy E, then there is a smooth family of analytic, canonical transformations
Φε,E : M × Tn → M × Tn uniformly close to the identity, and a family of Cantor-
like sets Mε ⊂ M with |M \Mε| → 0 as ε → 0 such that Φε,E(Mε × Tn) × Tn′ is
a Whitney smooth family of analytic, Diophantine, invariant n + n′-tori of on the
perturbed energy surface {H(y, x, x̂) = E}, whose last n′ toral frequency equals ω̂.
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4) If the conditions of Theorem 3 2) hold, then the conclusion in 3) holds on
any energy surface and each perturbed n + n′-torus preserves the ratio of the first
n components of the corresponding unperturbed frequency.

Remark. The Rüssmann non-degenerate condition was first given by Rüssmann
([65]). Let ω : G ⊂ Rn → Rn be a real analytic frequency map. Geometrically, the
Rüssmann non-degenerate condition says that ω(G) should not lie in any d− 1 di-
mensional subspace. KAM theorems under the Rüssmann non-degenerate condition
were shown in [67, 70] under analytic conditions similar to R) by taking C = n−1.
Extensions to the case of sub-manifolds and also to the case of generalized Hamil-
tonian systems were made by the authors in [19] and [40] respectively.

It is recently remarked by Rüssmann ([66]) that only the condition R) with a
general C is equivalent to the Rüssmann non-degenerate condition and the one with
C = n − 1 is much stronger. However, we remark that results in [19, 40] (also in
[38, 39, 67, 70]) do hold with a general C in place of n−1 in the respective conditions
R) or R1) (the proofs go through except that the measure estimates depend on C).

We now consider some particular cases of these theorems in which the Nekhoro-
shev stability results stated in the previous section are of minor interest, as the
corresponding generalized Hamiltonian systems will be perpetually stable.

3.1. l = 1 or n = 1.
Proposition 3.1. Let l = 1 and N(y) 6≡ 0 on G.

1) (1.6) is perpetually stable, hence metrically and Nekhoroshev stable.
2) (1.6) is KAM stable if both N ′ and the Wronskian of B are non-zero on G.

Moreover, if I is a constant matrix, B is a Diophantine vector, and N
′′

is non-zero
on G, then all unperturbed n-tori persist.

Proof. The proof of 1) is straightforward since each energy surface consists of finitely
many invariant n-tori.

To prove 2), we note that W (ω) = (−1)nW (B)(N ′)2, where W denotes the
Wronskian of a vector valued function. Hence the non-degenerate condition R)
holds and the KAM stability follows from part 1) of Theorem 2. In the case that
I is a constant matrix, B is a Diophantine vector, and N

′′
is non-zero on G, all

unperturbed n-tori are Diophantine, hence part 2) of Theorem 2 is applicable. �

The invariant n-tori on an energy surface are not necessary quasi-periodic, be-
cause if B is a resonant constant vector then ω = −B>N ′ becomes everywhere
resonant, hence no quasi-periodic n-tori need to existence under generic perturba-
tions. In the case that conditions in part 2) of the proposition holds, the resulting
KAM stability is significant with fewer parameters (in fact only one) in the fre-
quency map. We note from the conditions of part 2) of the proposition that the
non-constancy of the structure matrix is generally needed to ensure such KAM
stability.

Proposition 3.2. Let n = 1 and ω(y) 6= 0 on G. Then all unperturbed 1-tori
persist, that is, (1.6) is both KAM and perpetually stable, hence also metrically and
Nekhoroshev stable.

Proof. We note that rank{ω(y)} ≡ 1 on G. It follows from part 1) of Theorem 2
that (1.6) is KAM stable. In fact, since the one dimensional frequencies ω(y) are
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Diophantine, no measure estimate is needed in the proof of KAM stability in this
case (see the proof of [40]). It follows that all unperturbed 1-tori persist - leading
to the desired perpetual stability. �

3.2. l = 2. In a standard nearly integrable Hamiltonian system of two degrees of
freedom, it is well known that if the unperturbed Hamiltonian is iso-energetic non-
degenerate (in particular quasi-convex), then the system is perpetually stable. The
same holds in the generalized setting if l = 2.

Proposition 3.3. Consider (1.6) with l = 2. If the iso-energetic non-degenerate
condition R1) holds, then (1.6) is both KAM and perpetually stable, hence also
metrically and Nekhoroshev stable.

Proof. In this case, (1.6) is iso-energetically KAM stable in the sense of Theorem 3.
Hence each energy surface is almost foliated into invariant, co-dimension 1 tori.
Therefore, any orbit on the energy surface is forever trapped between these tori -
leading to the desired perpetual stability. �

We note that if l = n = 2 then QR) together with rankB̃ = 2 implies the
condition R), hence R1) (for example, let N(y) be quasi-convex in the sense of QC),
B be any invertible 2×2 constant matrix, and C be any 2×2 skew symmetric matrix
which can be y dependent). In this case, although it follows from Theorem 1 2) that
the respective perturbed generalized Hamiltonian system is Nekhoroshev stable, it
is actually KAM and perpetual stable by Proposition 3.3.

Therefore, non-perpetual, Nekhoroshev stability phenomena of autonomous gen-
eralized Hamiltonian systems become significant only when l > 3, n ≥ 2 or l =
2, n > 2.

3.3. l+n = 3. Due to their natural presence in many physical systems, generalized
Hamiltonian systems in 3D, corresponding to the simplest non-trivial cases where
Poisson structures do not imply the symplectic ones, have received a considerable
amount of attention in recent years and a rich class of Poisson structures in 3D has
been characterized (see [33, 34] and references therein).

As an application of our results, we now revisit the perturbation problem of the
3D steady Euler (inviscid and incompressible) fluid particle path flows considered in
[40, 52]. As shown in [52], the 3D steady Euler fluid particle path flow admits a one-
parameter, spatial, volume preserving symmetry group ([52, 58]), and hence under
suitable coordinates it can be described by a three dimensional volume preserving
flow of the following form:

(3.1)


ż1 =

∂H(z1, z2)
∂z2

ż2 = −∂H(z1, z2)
∂z1

ż3 = h(z1, z2),

where the right hand side describes the velocity field v0 of the steady Euler fluid
flow (under the present coordinate) with H being a first integral. We assume that
the steady Euler flow is real analytic and admits a family of elliptic vortex lines in
a bounded closed domain of the (z1, z2)-plane. Then by introducing the standard
action-angle coordinates (I, θ) in the (z1, z2) domain, (3.1) can be transformed into
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the form

(3.2)

 İ = 0
θ̇ = ω1(I)
ż3 = h(I, θ).

By [52], if ω1(I) 6= 0 on D, then the volume preserving transformation (I, θ, z3) →
(I, θ, φ):

φ = z3 +
θ

2π

∫ 2π

0

h(I, θ)
ω1(I)

dθ −
∫

h(I, θ)
ω1(I)

dθ

will transform (3.2) to the system

(3.3)


İ = 0
θ̇ = ω1(I)
φ̇ = ω2(I),

where

ω2(I) =
1
2π

∫ 2π

0

h(I, θ)dθ,

and, φ ∈ S1 or R1, depending on whether the symmetry group acting on the flow
is S1 or R1. Thus, under the above conditions, the particle phase space R3 of
the steady Euler flow is foliated into either invariant cylinders if ω2(I) ≡ 0 on
D, or invariant 2-tori if ω2(I) 6≡ 0 on D, carrying either action-action-angle or
action-angle-angle variables, respectively.

In the action-action-angle case, we let ω1(I) 6= 0, ω2(I) ≡ 0 on D and define
y1 = I, y2 = φ, y = (y1, y2)>, x = θ ∈ T 1, ω(y) = ω1(y1). Let α(y), β(y), N(y) be
such that −(α(y), β(y))∇yN(y) ≡ ω(y). Then the right hand side of (3.3) can be
written as

I∇N(y) =

 0 0 α(y)
0 0 β(y)
−α(y) −β(y) 0

∇N(y),

where the matrix I is easily seen to satisfy the Jacobi identity hence defines a struc-
ture matrix. With the structure preserving, time-periodic perturbation εP (y, x, t),
the perturbed system of (3.3) becomes

(3.4)
(

ẏ
ẋ

)
=

 0 0 αb(y)
0 0 βb(y)
−αb(y) −βb(y) 0

∇(N(y) + εP (y, x, t)).

In the action-angle-angle case, we let y = I ∈ D, x = (x1, x2)> = (θ, φ)> ∈ T 2,
ω(y) = (ω1(y), ω2(y))>, α, β, γ be constants such that |α|+ |β| 6= 0, b(y), N(y) 6= 0
be real analytic functions. Then it is easy to see that

I(y) =

 0 αb(y) βb(y)
−αb(y) 0 −γ
−βb(y) γ 0


satisfies the Jacobi identity hence determines a structure matrix. Adding a structure
preserving, time-periodic perturbation εP (y, x, t) to the unperturbed Hamiltonian
N , the perturbed system of (3.3) becomes

(3.5)
(

ẏ
ẋ

)
=

 0 αb(y) βb(y)
−αb(y) 0 −γ
−βb(y) γ 0

∇(N(y) + εP (y, x, t)).
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We note that the perturbations in (3.4), (3.5) are allowed to break the volume
preserving symmetry (corresponding to compressible fluid perturbations). Indeed,
it is easy to see that the perturbations I(y)∇P (y, x, t) in (3.4), (3.5), respectively,
are divergence free if and only if

(αy1 + βy2)Px ≡ 0,

and,
b′(y)(αPx1 + βPx2) ≡ 0,

respectively.
In the cases that the perturbations in (3.4), (3.5) are autonomous, it follows

from Propositions 3.2 that (3.4) is both perpetually and KAM stable, and, from
Propositions 3.1 that (3.5) is perpetually stable. Moreover, by part 2) of Propo-
sitions 3.2, (3.5) becomes KAM stable in a domain of interest if I is a constant
matrix (that is, b(y) ≡constant), (α, β)> is Diophantine of Diophantine type (γ, τ)
for fixed γ > 0, τ > 1, and N ′′ is everywhere non-zero in the domain (for example,
N(y) = y2/2). We note that the Wronskian of B in (3.5) is identically zero.

With non-autonomous perturbations, (3.4), (3.5) are no longer perpetually stable
in general. Let G denote a domain in the y - space. Applying Corollary 2 and
Theorem 4 1), we have the following.

Proposition 3.4. Consider (3.4).
1) If ω = αNy1 + βNy2 6= 0 on G, then (3.4) is KAM stable on G.
2) If |α| + |β| 6= 0 and if N is quasi-convex on G, then (3.4) is Nekhoroshev

stable on G.

Applying Theorem 1 1) and Theorem 4 2), we also have the following.

Proposition 3.5. Consider (3.5). Let b be a non-zero constant and N ′′ 6= 0 on
G.

1) If (α, β)> is Diophantine of Diophantine type (γ, τ) for fixed γ > 0, τ > 2,
then (3.5) is KAM stable on G.

2) If α, β are integer multiple of each other, then (3.5) is Nekhoroshev stable on
G.

Proof. 2) follows immediately from Theorem 1 1).
To prove 1), we let ω̂ be the frequency of P in t, ω(y) = bN ′(y)(α, β)>, Ω(y) =

(ω(y), ω̂)>, and

Gε = {y ∈ G : |〈k, Ω(y)〉| > ε
1
36

|k|τ
, ∀k ∈ Z3 \ {0}}.

For each k = (k1, k2, k3) ∈ Z3 \ {0}, consider the set

Sk = {y ∈ G : |αk1 + βk2 + a(y)k3| <
ε

1
36

|k|τ
},

where a(y) = ω̂/(bN ′(y)). Since a(y) is never zero on G, a standard measure
estimate shows that there exists a constant c > 0 independent of k, ε such that

|Sk| ≤
cε

1
36

|k|τ
,

if k3 6= 0. By noting that Sk = ∅ if k3 = 0, we have that

| ∪k Sk| = O(ε
1
36 ).
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Hence
|G \Gε| = O(ε

1
36 ).

By Theorem 4 2), we have that for any y ∈ Gε, there exists an invariant 3-torus of
(3.5) with the frequency Ω(y). �

Linking the above results to the fluid flow kinematics in 3D physical space, one
can conclude from the perpetual stability that fluid transport and mixing are not
possible in steady fluid particle path flows like (3.4), (3.5) near elliptic vortex lines
under structure preserving, steady fluid perturbations which can be viscid and
compressible. As shown in [52], in the case that (3.1) admits a family of hyperbolic
vortex lines in the domain of interest in the (z1, z2)-plane, fluid transport and
mixing is possible as a result of chaos, under a suitable steady perturbation of
the Euler fluid particle path flow. In fact, the resulting chaotic dynamics provide
enhancement to the fluid transport and mixing.

However, fluid transport and mixing are possible in fluid particle path flows
like (3.4), (3.5) near elliptic vortex lines under (possibly viscid and compressible)
non-steady fluid perturbations. Under the conditions of Propositions 3.4, 3.5, the
existence of KAM tori provides barriers to fluid transport and mixing, and, the
Nekhoroshev stability exhibits the exponentially slow diffusion of fluid flows before
possible turbulence takes place.

3.4. Nekhoroshev stability vs KAM stability. A standard, quasi-convex, in-
tegrable Hamiltonian system simultaneously enjoys KAM and Nekhoroshev sta-
bilities under small perturbations. In fact, a deep connection between the KAM
and Nekhoroshev stability for a convex standard Hamiltonian system is discovered
in a work of Giorgilli and Morbidelli ([28]) in the sense that KAM tori can be
constructed by iterating the Nekhoroshev stability estimates on nested domains
{Dr : 0 ≤ r ≤ ∞}, characterized by exponential stability times {Tr : r ≥ 0} with
Tr → ∞ exponentially as r → ∞, such that D0 = G and D∞ = Gε - the KAM
Cantor-like set.

For quasi-convex generalized Hamiltonian systems, due to the appearance of gen-
eral Poisson structures which are not necessarily in compatible with the standard
symplectic ones, we conjecture that KAM and Nekhoroshev stabilities can be com-
pletely independent of each other, that is, one can have a quasi-convex generalized
Hamiltonian system which is Nekhoroshev stable but not KAM stable especially
when l < n, and vice versa especially when l > n. In fact, as already shown in
Proposition 3.5 for 3D time-periodic fluid particle path flow (3.5) (l = 1, n = 2)
with b being a non-zero constant that KAM stability requires Diophantine property
of (α, β), while Nekhoroshev stability crucially depends on the resonancy of (α, β).

The following example shows that a Nekhoroshev but non-KAM stable general-
ized Hamiltonian system can be easily obtained when the number of non-resonant
components of frequency map ω : Ω ⊂ Rl → Rn is straightly less then n.

Example 3.1. Let l, n ≥ 2 be arbitrary, N(y) be convex in the sense of QC), B be
a l × n constant matrix with integer entries and of rank < n, and C be any n× n,
skew symmetric, matrix valued function. Then the conditions of Corollary 1 1)
are satisfied hence the Nekhoroshev stability of the respective perturbed generalized
Hamiltonian systems follows. We note that neither R) nor R1) is satisfied for
ω(y) = −B>∂N/∂y(y). In fact, it is easy to see that the frequency map ω is
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everywhere resonant. Hence all unperturbed n-tori can be destroyed via generic
perturbations.

It is clear that when l < n and B is any l × n constant matrix consisting of
integer entries, the above example holds for any quasi-convex Hamiltonian N(y).
Hence the phenomenon of non-KAM, Nekhoroshev stability is typical when l < n
and B is a constant matrix. Indeed, in the case l < n and B is a constant matrix,
the frequency map will never be non-degenerate in the sense of R) or R1) even
when B admits irrational entries, hence KAM stability is not generally expected.
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degree of freedom (S’Agaró, 1995), 184-192, NATO Adv. Sci. Inst. Ser.C Math. Phys. Sci.,

533, Kluwer Acad. Publ., Dordrecht, 1999

[56] N. N. Nekhoroshev, An exponential estimate of the time of stability of nearly integrable
Hamiltonian systems I, Usp. Mat. Nauk, 32 (1977), 5-66; Russian Math. Surveys 32 (1977),

1-65
[57] L. Niederman, Exponential stability for small perturbations of steep integrable Hamiltonian

systems, to appear in Erg. Th. Dyn. Sys.

[58] P. J. Olver, Applications of Lie Groups to Differential Equations, Springer-Verlag, New York,
1993

[59] P. J. Olver, BiHamiltonian systems, Pitman research notes in Mathematics 157 (B. D. Slee-

man and R. J. Jarvis, eds.) Longman Scientific and Technical, 1987, 176-193
[60] I. O. Parasyuk, On preservation of multidimensional invariant tori of Hamiltonian systems,

Ukrain Mat. Zh. 36 (1984), 467-473

[61] G. Picard and T. W. Johnston, Instability cascades, Lotka-Volterra population equations,
and Hamiltonian Chaos, Phys. Rev. Lett. 48 (1982), 1610-1613

[62] G. Popov, Invariant tori, effective stability, and quasimodes with exponentially small error

terms. I. Birkhoff normal forms, Ann. Henri Poincaré 1 (2000), 223-248
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